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If G is a finite group with periodic cohomology, it is well known [l] that 
Hn(G, Z) = 0 for all odd n. Landweber has conjectured that the converse 
of this holds and has proved this conjecture for p-groups. The purpose of 
this note is to prove Landweber’s conjecture for all finite groups. We will 
prove something a bit more general. If p is a prime, we let Hi(G, M)(,,, 
denote the p-primary component of Hi(G, M). 
THEOREM 1 .l Let G be a finite group and let p be a prime. Then either 
(1) The p-sylow subgroup of G is cyclic or generalized quaternion; OY 
(2) Hi(G, Z)(,, # 0 for injkitely many odd i. 
In case (l), we have Hi(G, Z)(,, = 0 for all odd i. 
The condition (1) is equivalent to the assertion that the cohomology of G 
has a finite p-period [2, Ch. XII, Ex. 111. 
COROLLARY 2. If G is a finite group, then G has periodic cohomology if and 
ont’y if Hi(G, Z) = 0 for almost all (and thus for all) odd i. 
The last assertion of Theorem 1 is, of course, well known. In fact, if P 
is the p-sylow subgroup of G, then res: Hi(G, Z) + H’(P, Z) is a mono- 
morphism [2, Ch. XII, Th. 10.11 but Hi(P, Z) = 0 for odd i by calculation 
[2, Ch. XII, 71. 
We now assume that (2) of Theorem 1 is false and prove that (1) holds. 
LEMMA 3. Let G be a $nite group and p a prime. Assume that there is an 
n, such that Hi(G, Z) tD) = 0 for all odd i > n, . Then dim H*(G, Z/pZ) is 
bounded. 
1 After this paper was written, I learned that this theorem has been known to 
M. Atiyah for some time but was never published by him. 
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Proof. We use the spectral sequence of Atiyah [I]. This has 
Ezi = Hi(G, Z), d, = 0 for r even, d, : Eri + Et+’ for r odd, and Emi = 
R,(G)/&+,(G) where R(G) = Rs(G) 1 R,(G) r) ... is a filtration of the 
character ring R(G). 
For any finite group A, let j A ID be the largest power ofp dividing the order 
of A. Let hi = 1 Hi(G, Z)i, and eri = 1 ETi 12,. Thus hi = eai > egi 3 ... . 
Let i > 0 be even. We clearly have 
I ker[Eri -+ Ei+‘] Iz) 3 e,i/ei++r > e i ht+r ,I 
and 
/ im[Ez+ -+ ETi] I9 < ei-r < hi-T. 
Thus et,+, > eri/(hi+rhi-r). Also ef,, = e, i for r even since d, = 0 in this 
case. Since emi = eTi for large Y, we have 
emi > ezi hi+rhitr = hilt 
where c = (nj odd hj)2. 
Now Ei = R,(G)/R,+,(G). Since R(G) is a free abelian group of rank K 
equal to the number of characters of G, each R,(G) is also free of rank R. 
Therefore Emi has < K generators. It is a subquotient of Ezi = Hi(G, 2) and 
so is annihilated by g = 1 G /. Thus emi < gk and so hi < cgk which is 
independent of i. 
It follows that there is a constant f independent of i such that hi <f for 
all i. We have just seen this for i even, but there are only a finite number of 
oddiwithhi # 1. 
Finally, the cohomology sequence of 0 + Z+ Z+ Z/p.&+ 0 gives 
Hi(G, 2) --f Hi(G, Z/pZ) + Hi+l(G, Z) so I Hi(G, Z/pZ)l < hihi+l <f 2. 
Theorem 1 now follows by combining Lemma 3 with the following result. 
We use the standard notation o(n) for any function h(n) such that h(n)/n -+ 0 
asn-tco. 
THEOREM 4. Let G be a finite group and let p be a prime. Suppose that 
dim H”(G, Z/pZ) = o(n). Then thep-sylow subgroup of G is cyclic or generalized 
quaternion. 
To prove this we use the following more general result. 
LEMMA 5. Let G be afinite group and let k be afield. Let f (n) be a monotone 
increasing function such that dim Hn(G, k) = o(f (n)). Then for every subgroup 
H of G and every finite dimensional kH-module M, we have dim Hn(H, M) = 
o(f (n)). 
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Proof. By Even’s theorem [3, Th. 7.11, H*(H, M) is a noetherian and 
hence finitely generated H*(G, K)-module. Let a, E His(H, M), s = l,..., Y 
be generators. Then H”(H, M) is the sum of images of the maps 
H”pi*(G, k) ---f H”(H, M) sending x to xa, . Therefore, 
dim H”(H, M) < i dim H”-{a(G, K) = 1 o(f (a)) = o(f (n)). 
S=l 
To prove Theorem 4, we now observe that the sylow p-subgroup P of G 
cannot contain a subgroup A g Z/p2 x Z/pZ. This follows immediately 
from Lemma 5 since dim Hn(A, Z/pZ) = n + 1 # o(n). By [2, Ch. XII, 
Th. 11. 61 we see that P is cyclic or generalized quaternion. We can calculate 
H*(A, Z/pZ) from the Kiinneth formula H*(G x H, k) = H*(G, k) @ 
H*(H, k) for any field R (cf. [2, p. 1731). 
We can make Lemma 5 a bit more precise. If M is a finitely generated 
KG-module, there are integers n,, 4 > 0 such that for each i with 0 < i < 4, 
dim Hnq+i(G, M) is a polynomial in n for n > n, . This implies the rationality 
of the Poincare series PM(t) = ~~~,, t” dim Hn(G, M) and can be proved 
easily by the same method [4]. Define the cohomological rank cr(G, M) by 
letting cr(G, M) - 1 be the largest degree of these polynomials. Thus if 
cr(G, M) = s, then dim Hn(G, M) = o(ns) but not o(ns-l). Clearly 
cr(G, M) is the order of the pole of PM(t) at t = 1. Lemma 5 now assserts that 
cr(H, M) < cr(G, A). Define the p-rank rk,G to be the largest r such that G 
has a subgroup A m (Z/pZy. Since cr(A, k) = r by the Kiinneth formula for 
char k = p, we see that rk,G < cr(G, Z/pZ). It would be interesting to know 
if equality holds here.2 It is sufficient to consider the case where G is ap-group. 
In fact, if P is a p-sylow subgroup of G, then cr(G, M) < cr(P, M) for 
char k =p by [2, Ch. XII, Th. 10.11. By Lemma 5, we have cr(G, k) = 
cr(P, k). 
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